Let T = U |T | be the polar decomposition of an operator T. Aluthge defined an operator transformation T = |T | 1/2 U |T | 1/2 of T which is called Aluthge transformation. In this paper, we shall discuss the numerical range of T , and show the following results:
Introduction
In what follows, a capital letter means a bounded linear operator on a complex Hilbert space H. An operator T is said to be positive if (T x, x) 0 holds for all x ∈ H . For each T ∈ B(H ), we write W (T ) for the numerical range of T, that is,
W (T ) = (T x, x)
: x = 1 .
W (T ) and w(T ) mean the closure of W (T ) and the numerical radius of T, respectively. An operator T is said to be spectraloid if w(T ) = r(T ), where r(T ) is the spectral radius of T.
Let T = U |T | be the polar decomposition of T. Aluthge defined an operator transformation T of T by T = |T | 1/2 U |T | 1/2 in [1] . We call this transformation Aluthge transformation. Many authors have studied Aluthge transformation and there are many result on properties of this transformation. For example "σ (T ) = σ ( T ) holds for all T ∈ B(H )" in [2, 4, 7] , and "if |T | |T * |, then | T | 2 | T * | 2 holds".
As fundamental properties of Aluthge transformation, T T and r(T ) = r( T ) hold, obviously. And a result on the spectrum of Aluthge transformation stated above was shown in [2, 4, 7] . Moreover as a result on the numerical range of Aluthge transformation, Jung et al. [8] showed that "if T is a 2 × 2 matrix, then W (T ) ⊃ W ( T )" in [8] .
In this paper, firstly, we shall show a property of Aluthge transformation on the numerical radius, that is, w(T ) w( T ) for all T ∈ B(H ). And as an application of this result, we shall show a characterization of spectraloid operators via Aluthge transformation.
Secondly, we shall show the following inclusion relations:
Relation (i) is an extension of above result by Jung et al. [8] .
Numerical radius
By considering the definition of Aluthge transformation, we can obtain the relations T T r( T ) = r(T ), easily. In this section we shall show the following result:
Theorem 1. Let T ∈ B(H ). Then w(T ) w( T ).
To prove Theorem 1, we prepare the following results:
Hence we have
Lemma 3. Let A be a positive operator, and X ∈ B(H ). Then the following inequality holds:
To prove Lemma 3, the following result is very important:
Theorem A [6] . Let A and B be positive operators, and X ∈ B(H ). Then the following inequalities hold:
Proof of Lemma 3. We may assume that A is invertible in this proof. Hence we have
Let T = U |T | be a decomposition of T. Then by Lemma 2, we have T = |T | 1/2 U |T | 1/2 . So we obtain the following inequality by putting A = |T |, X = U and r = 1 2 in Lemma 3.
Theorem B [3]. Let T ∈ B(H ). Then w(T ) 1 is equivalent to
for all z ∈ C.
Proof of Theorem 1. Firstly, we shall show that for each S ∈ B(H ),
Let S = U |S| be the polar decomposition of S. Then we have Hence by (2.1) we obtain
And w( S) 1 follows from Theorem B.
Secondly, put S = T /(w(T )). Then S = T /(w(T )) and w(S) 1. Then by (2.2), we have
Hence the proof of Theorem 1 is complete.
Relating to Aluthge transformation, for each natural number n, we defined nth
Aluthge transformation T n of T by T n = ( T n−1 ) and T 1 = T in [10] . By using nth Aluthge transformation, we showed some properties of Aluthge transformation on operator norms, and pointed out that Aluthge transformation has similar properties to powers of operators in [9] [10] [11] . An operator T is said to be normaloid if T = r(T ) which is equivalent to T = T n 1/n for all natural number n. It is well known that "every normaloid operator is spectraloid ". Relating to normaloid operators and spectral radius, we obtained the following results:
Theorem C [10]. Let T ∈ B(H ). Then the following assertions are equivalent: (i) T is normaloid.
(ii) T = T n for all natural number n.
Theorem D [11]. Let T ∈ B(H ). Then lim n→∞ T n = r(T ).
As an application of these results, we obtain a characterization of spectraloid operators which is a parallel result to Theorem C as follows:
Corollary 4. Let T ∈ B(H ). Then the following assertions are equivalent: (i) T is spectraloid. (ii) w(T ) = w( T n ) for all natural number n.

Proof of Corollary 4. Since T w(T ) r(T ), we have lim n→∞ w( T n ) = r(T )
by Theorem D. By Theorem 1, we obtain the following inequalities:
w(T ) w( T ) · · · w( T n ).
Hence the proof is complete.
Numerical range
In the previous section, we showed a relation between w(T ) and w( T ), and obtained a characterization of spectraloid operators. On the other hand, Jung et al. [8] obtained an extension of Theorem 1 in case T is 2 × 2 matrix, and have conjectured a relation between W ( T ) and W (T ) as follows:
Theorem E [8]. Let T be a 2 × 2 matrix. Then W (T ) ⊃ W ( T ).
Conjecture [8] .
For every T ∈ B(H ), W (T ) ⊃ W ( T ).
In this section, we shall show a relation between W (T ) and W ( T ) as a solution of above conjecture:
Theorem 5. Let T = U |T | be a decomposition. If we can choose U as isometry, then W (T ) ⊃ W ( T ).
To prove Theorem 5, we cite the following result:
Proof of Theorem 5. First, we shall show the following assertion: If S = V |S| is a decomposition such that V is isometry, then for each λ ∈ C,
By (2.1), we have the following inequalities:
Assume that w(S − λI ) 1. Then by (3.2) and Theorem B, we have
Hence we obtain w( S − λI ) 1 by Theorem B. Next, for each µ ∈ C, put
S = T w(T − µI )
and λ = µ w(T − µI ) .
Then
|S| = |T | w(T − µI )
holds, and
is a decomposition such that U is isometry, and also
Moreover, w(S − λI ) 1. Then by (3.1), we obtain
It is equivalent to
Hence the proof is complete by Theorem F.
By Theorem 5, we obtain the following extension of Theorem E.
Corollary 6. If T is an n × n matrix, then W (T ) ⊃ W ( T ).
Proof. Since T is an n × n matrix, we can choose a unitary matrix U such that T = U |T |. Since it is in the finite-dimensional case, W (T ) and W ( T ) are both closed, and the proof is complete by Theorem 5.
Corollary 7. Let T ∈ B(H ) with N(T ) ⊂ N(T * ). Then
hold for all natural number n.
Proof. Since N(T ) ⊂ N(T * ), we can choose an isometry U such that T = U |T |.
Then we have W (T ) ⊃ W ( T ) by Theorem 5. So we have only to prove N( T ) ⊂ N( T * ) if N(T ) ⊂ N(T * ).
By the definition of Aluthge transformation, N(T ) ⊂ N( T ) and N(T ) ⊂ N( T * ) hold, easily. So, we shall show N(T ) ⊃ N( T ).
Let
Hence we obtain N( T ) ⊂ N(T ), and N( T ) = N(T ) ⊂ N( T * ).
So the proof is complete by Theorem 5.
For each set X, we write co X for the convex hull of X, especially we write co σ (T ) for the convex hull of the spectrum of T. An operator T is said to be hyponormal and convexoid if T * T T T * and W (T ) = co σ (T ), respectively. It is well known that "every hyponormal operator is convexoid and normaloid ", and "every convexoid operator is spectraloid ".
Corollary 8. Let T be a hyponormal operator. Then for each natural number n,
W (T ) = W ( T ) = · · · = W ( T n ) = co σ (T ).
Proof. Since T is hyponormal, N(T ) ⊂ N(T * ) holds and T is convexoid. Then by Corollary 7, we obtain the following inclusion relations:
(T ).
